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 الملخص:
تعد طريقة تحليل ادوميان من النظريات العددية القوية لحل المعادلات التفاضلية العادية 

نا طريقة في هذه الورقة استعرض لانهائية،الحل بسهولة كمتسلسلة  ويمكن حسابوالجزئية 
تحليل ادميان لحل معادلة أيري التفاضلية إضافة الى استخدام برنامج الماتلاب لتوضيح 

 ة.بالحلول المضبوط ودقيقة مقارنة الةالنتائج التي أوضحت بان الطريقة تقنية فع
،  Anomiaطريقة تحلل  ،MATLAB ية،الهوائالمعادلة التفاضلية  :الدليليةالكلمات 

Adomian كثير الحدود 
  

Abstract  

The Adomian decomposition method (ADM) is a powerful 

numerical technique for solving nonlinear partial differential 

equations in an infinite series with easily computable components. 

This paper presents the application of ADM to the Airy equation 

with MATLAB, a powerful and versatile programming language 

that has been widely used in scientific computing. We present a 

step-by-step guide on how to solve the Airy equation with ADM and 

MATLAB results shows the method is a precise and efficient 

technique compared to existing exact solutions by matching in the 

graph as we are going reviews. 

Keywords: Airy differential equation, MATLAB, Adomia 

decomposition method, Adomian polynomial  

Introduction 

George Adomian (1923-1996) developed a successful method to 

solve nonlinear functional equations in the 1980s. The Adomian 

decomposition technique is the name given to this procedure 
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(ADM). The method is based on decomposing a nonlinear 

functional equation solution into a sequence of functions. Each term 

in the series is taken from a polynomial formed from an analytic 

function's power series expansion. ADM provides the solution in an 

infinite series with easily computable components [1],[2],[7]. 

The Airy equation is a second-order linear differential 

equation describing the behavior of an oscillating beam in 

an elastic medium. It was developed by John W. Airy in 

1841 as an approximate model for the transverse 

vibrations of stretched strings and bars. This equation has 

played an important role in many physical applications 

such as wave propagation in elastic media, water waves, 

and the vibration of optical fibers. It is also used 

extensively in mathematical physics and engineering 

applications. The Airy functions, denoted by Ai(x), Bi(x), 

are two linearly independent solutions of Airy equation 

[5],[6]. 
Consider the linear ordinary differential equations in the form 

𝐿𝑢 + 𝑅𝑢 = 𝑔(𝑥)     (1) 

Where 𝑢 is an unknown function, the linear differential operator 

𝐿 can be viewed as the highest-order derivative in the equation, 𝑅 is 

the remainder of the differential operator, and 𝑔(𝑥) is an 

inhomogeneous term. 

Which is 

𝐿 =
𝑑𝑛

𝑑𝑥𝑛
     ⇒    𝐿−1(#) = ∫ ∫ … ∫(#)

𝑥

0

𝑥

0

 𝑑𝑥 𝑑𝑥 … 𝑑𝑥       (2)

𝑥

0

   

Applying 𝐿−1 to both sides of (1) gives 

𝑢(𝑥) = 𝛿0 + 𝐿−1𝑔(𝑥) − 𝐿−1𝑅𝑢             (3) 
Where  

𝛿0 = 𝑢(0) + 𝑥𝑢′(0) +
𝑥2

2!
𝑢′′(0) +  

𝑥3

3!
𝑢′′′(0) + ⋯ +

𝑥𝑛

𝑛!
𝑢(𝑛)(0),

𝐿 =
𝑑𝑛+1

𝑑𝑥𝑛+1
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The Adomian decomposition method admits the decomposition of 

the unknown function  𝑢 in the form of an infinite series of 

components [3],[4] 

𝑢(𝑥) = ∑ 𝑢𝑛

∞

𝑛=0

,       (5) 

And 

∑ 𝑢𝑛

∞

𝑛=0

= 𝛿0 + 𝐿−1𝑔(𝑥) − 𝐿−1𝑅 (∑ 𝑢𝑛

∞

𝑛=0

).        (6) 

Consequently 

𝑢0 = 𝛿0 + 𝐿−1𝑔(𝑥)                                       
𝑢𝑛+1 = −𝐿−1𝑅𝑢𝑛,      𝑛 ≥ 0.                (7)     

 

Now apply the ADM to the following airy equation:  

𝑤′′(𝑥) − 𝑥𝑤(𝑥) = 0     (8) 

 assuming the initial condition: 𝑤(0) = 𝛼 , 𝑤′(0) = 𝛽 

We can write it in the following form 

𝐿𝑤(𝑥) = 𝑥𝑤(𝑥)                          (9) 

 𝑤ℎ𝑒𝑟𝑒 𝐿 =
𝑑2

𝑑𝑥2
     

Operating 𝐿−1 on Both sides of above eq. To get  

𝐿−1(𝐿𝑤) = 𝐿−1(𝑥𝑤)                               (10) 

∫ ∫
𝑑2𝑤

𝑑𝑥2
 𝑑𝑥  𝑑𝑥

𝑥

0

𝑥

0

= 𝐿−1(𝑥𝑤)                 (11) 

∫ 𝑤′(𝑥)

𝑥

0

 |
𝑥

0
 𝑑𝑥 =  𝐿−1(𝑥𝑤)                   (12)  

∫( 𝑤′(𝑥)

𝑥

0

− 𝑤′(0)) 𝑑𝑥 =  𝐿−1(𝑥𝑤) ,

𝑤ℎ𝑒𝑟𝑒 𝑤′(0) 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 
𝑤(𝑥) − 𝑥𝛽 − 𝛼 = 𝐿−1(𝑥𝑤)                  (13) 
𝑤(𝑥) = 𝛼 + 𝑥𝛽 + 𝐿−1(𝑥𝑤)                  (14) 

The unidentified function 𝑤(𝑥) can be written in the form of an 

infinite series by ADM  
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𝑤(𝑥) = ∑ 𝑤𝑛(𝑥)                                 (15)

∞

𝑛=0

 

As we know that 𝑤𝑛 ′𝑠 are the Adomian polynomials and from 

(15) this results in 

𝑤1(𝑥) + 𝑤2(𝑥) + ⋯ = 𝐿−1 (𝑥 ∑ 𝑤𝑛(𝑥)

∞

𝑛=0

)                       (16) 

Where  

𝑤0(𝑥) = 𝛼 +  𝛽𝑥                                           (17 ) 

𝑤𝑛+1(𝑥) = 𝐿−1(𝑥 𝑤𝑛(𝑥))  ,    𝑛 ≥ 0         (18) 

Now  

𝑛 = 0  ∶   𝑤1(𝑥) = 𝐿−1(𝑥 𝑤0(𝑥)) 

= 𝐿−1(  𝛼 𝑥 + 𝛽𝑥2) 

= ∫ ∫(𝛼 𝑥 + 𝛽𝑥2)  𝑑𝑥  𝑑𝑥

𝑥

0

𝑥

0

 

=
𝛼 𝑥3

6
+

𝛽 𝑥4

12
          (19) 

𝑛 = 1 ,   𝑤2(𝑥) = 𝐿−1(𝑥 𝑤1(𝑥)) 

=
𝛼 𝑥6

180
+

𝛽 𝑥7

504
     (20) 

This in turn gives 

𝑤(𝑥) = 𝑤0(𝑥) + 𝑤1(𝑥) + 𝑤2(𝑥) + ⋯ 

= 𝛼 + 𝛽 𝑥 +
𝛼 𝑥3

6
+

𝛽 𝑥4

12
+

𝛼 𝑥6

180
+

𝛽 𝑥7

504
+ ⋯ 

= 𝛼 (1 +
𝑥3

6
+

𝑥6

180
+ ⋯ ) + 𝛽 (𝑥 +

𝑥4

12
+

𝑥7

504
+ ⋯ )            (21) 

 

 

more specifically 

𝑤1(𝑥) = 𝛼 (1 +
𝑥3

6
+

𝑥6

180
+ ⋯ )         (22) 

𝑤2(𝑥) = 𝛽 (𝑥 +
𝑥4

12
+

𝑥7

504
+ ⋯ )         (23) 
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Are the basis form of system to solve the Airy's differential 

equation. 

 

Example 1 

Consider the following equation:  

𝑦′′(𝑥) − 𝑥𝑦(𝑥) = 0          , where 𝑦(0) = 𝑦′(0) = 1 initial 

conditions 

We get by using ADM the solutions 

𝑦1(𝑥) = 1 +
𝑥3

6
+

𝑥6

180
+ ⋯ 

𝑦2(𝑥) = 𝑥 +
𝑥4

12
+

𝑥7

504
+ ⋯ 

Now by using MATLAB we get 

 

Figure 1: Comparison of the Ai(x) exact solution and the solution by 

ADM. 

Figure 2: Comparison of the Bi(x) exact solution and the solution by 

ADM 
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     Figure 3: Comparison of the exact solution and the solution by ADM. 

 

 

Results and Discussion 

The Adomian Decomposition Method (ADM) is a powerful 

method that treats the approximate solution of a nonlinear equation 

as an infinite series that generally converges to the exact solution. 

In this article, we propose an efficient numerical solution of the Airy 

equations by Adomian decomposition in MATLAB. shows that the 

proposed method is very efficient and accurate in solving the Airy 

equations as we show in the graph matching between the solutions 

each type of Airy function given, (Figures 1 and 2) [9],[10], Figure 

3: Comparison of the exact solution and the solution by ADM. 
  
Conclusion 

In this paper, we have presented the Adomian 

Decomposition Method (ADM) to solve the Airy equation 

with MATLAB. We have shown that ADM is an effective 

method to solve differential equations and can be used to 

solve a wide range of problems in physics and 

engineering. The results of our simulations show that 

ADM provides accurate solutions to the Airy equation and 

can be used to study the behavior of the Airy functions 

Ai(x) and Bi(x) for different values of x. Our work 
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contributes to the growing body of literature on ADM and 

its applications in solving differential equations. 

In conclusion, we have demonstrated that ADM is a 

powerful tool for solving differential equations and can be 

used to study a wide range of physical phenomena. Our 

work provides a foundation for future research in this area 

and highlights the potential of ADM as a tool for solving 

complex problems in physics and engineering. 
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